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Abstract—This article proposes a continuous-control-
set model-predictive control (CCS-MPC) designed explic-
itly for second-order dc/dc converters, such as the boost,
buck, buck–boost, and noninverting buck–boost convert-
ers. These converters share a bilinear dynamic structure
that allows designing a generalized control. In contradis-
tinction to the conventional finite-control-set approach, the
proposed control uses a pulsewidth modulation that allows
a continuous control set with constant switching frequency.
The modulation index’s saturation is considered an in-
equality constraint in the optimization model. The proposed
control guarantees stability in the sense of Lyapunov. This
property is proven by using the passive structure of these
converters. Experimental results on the four converters
mentioned previously show the superior performance of
the proposed control in terms of robustness, offset, com-
putation time in the central processing unit, and, of course,
stability.

Index Terms—Bilinear systems, boost converter, buck
converter, buck–boost converter, continuous-control-set
model-predictive control (CCS-MPC), dc–dc converters,
Lyapunov stability, model-predictive control (MPC), nonin-
verting buck–boost converter, one-step MPC.
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I. INTRODUCTION

MODEL-PREDICTIVE control (MPC) has become
popular in industrial electronic applications due to its ad-

vantages in terms of performance and its capability to introduce
constraints effortlessly [1], [2], [3]. In total, two main approaches
exist for MPC in power electronic applications [4], [5]: finite-
control-set MPC (FCS-MPC) and continuous-control-set MPC
(CCS-MPC). In FCS-MPC, the control signals act directly on a
finite set of switching states, whereas they are continuous-time
signals, sent to a pulsewidth modulator, in the CCS-MPC [6].

Despite its simple implementation and good performance, the
FCS-MPC has some drawbacks, such as a nonconstant switching
frequency and high sampling frequency, making the microcon-
troller works near its operation limit [7]. Additional calculations
are required to obtain an FCS-MPC with constant switching
frequency [8], [9]. Hence, CCS-MPC may have advantages since
a pulsewidth modulation (PWM) maintains a constant switching
frequency [10], [11]. However, the model is more complex since
the saturation of the modulation index must be included as an
inequality constraint.

A comparison between FCS-MPC and CCS-MPC for speed
control of induction motors was presented in [12]. CCS-MPC
presented less computational complexity and low current ripple.
Heightened performance was also obtained for the permanent
magnet synchronous generator [13], six-phase drivers [14] dc/ac
converters [15], [16], [17], [18], and matrix converters [19]. Far
fewer articles were found about CCS-MPC for dc/dc convert-
ers [11], [20], [21], [22].

Stability can be ensured in MPC by imposing long horizons,
terminal constraints, or penalization in the final step [23]. This
approach is helpful in applications where the dynamic is slow,
e.g., chemical applications. However, power electronics applica-
tions use an ad-hoc MPC with short horizons and simplified op-
timization models that can be implemented in real time. In [24],
an MPC for motor drives was presented. A stability criterion was
included in the control, but it was not formally demonstrated.
A similar approach was presented in [25], where the stability
was enhanced but not ensured. Therefore, the primary question
of how to guarantee stability in MPC for power electronics
applications remained open [26].

Achieving offset-free tracking for dc–dc converters is another
aspect closely related to the stability problem. Hence, a hybrid
MPC was proposed in [3]. An offset-free MPC was proposed for
a dc/dc buck converter with constant power loads. It guaranteed
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stability but with variable frequency and was implemented with a
high-order sliding mode observer to estimate the future tracking
error. Another hybrid MPC controller was proposed in [27],
where averaged and continuous time models were implemented
for a dc/dc boost converter to maintain stability in systems with
constant power loads. Although the method performs well, it
works with a variable frequency. Thus, to the best of the authors’
knowledge, there is no MPC that considers continuous control
set, constant frequency, and guarantee of stability for second-
order converters.

This article fills this gap by proposing a new type of
continuous-set MPC with a guarantee of stability. Our control is
oriented to bilinear second-order converters. These converters
include the buck, boost, buck–boost, and noninverting buck–
boost, among others. The theory is general enough to be used
in any converter with the same bilinear structure. The control
combines the advantages of MPC in terms of performance, con-
straints qualifications, and the stability properties of passivity-
based control. The contributions are threefold, and are given as
follows.

1) The proposed control guarantees stability in the sense of
Lyapunov and is general for any second-order converter.
This theoretical result was tested experimentally in four
commonly known converters: the buck, boost, buck–
boost and noninverting buck–boost. However, the control
is general for any converter with the same mathematical
structure.

2) The proposed control has a more straightforward im-
plementation than other classical predictive techniques.
This aspect is evaluated by the CPU utilization of the
algorithm, compared with the FCS-MPC.

3) The proposed control operates at a constant frequency.
Besides, it is more robust than FCS-MPC and conven-
tional proportional–integral (PI) controls.

The rest of this article is organized as follows. Section II
shows the model for second-order dc/dc converters, their bilinear
structure, and the proposed control. Next, the stability analysis is
given in Section III. After that, experimental results are presented
in Section IV. Finally, Section V concludes this article and
presents future works.

II. CCS-MPC FOR SECOND-ORDER DC/DC CONVERTERS

A. Bilinear Structure of DC/DC Converters

We consider dc/dc power electronic converters, such as the
buck, boost, buck–boost, and the noninverting buck–boost, given
in Table I (see [28] for more details about modeling dc/dc
converters). These converters share a similar structure; namely,
they are representable as a discrete-time bilinear system, given
as follows:

xt+1 = Axt + utψ(xt) (1)

where t symbolizes the discrete time, state variables are given by
a vector x ∈ R2 that represents input current and output voltage,
e.g.,x = (i0, vL), and a single inputu represents the modulation
index; this model includes a linear part represented by a matrix

TABLE I
EXAMPLES OF SECOND-ORDER DC/DC CONVERTERS

A ∈ R2×2 and a nonlinear part that includes the product of u and
ψ : R2 → R. The latter is given by the following affine function:

ψ(xt) = Bxt + b

with B ∈ R2×2 and b ∈ R2. Parameters A,B, and b are given
in Table I for each of the converters considered, where τ is the
discretization time. Other parameters can be interpreted directly
from the corresponding figures. The following assumptions are
considered.

Assumption 1: There exists an admissible equilibrium point
in x = 0 and u = 0. Any other admissible equilibrium point
(x̃, ũ) can be translated to (0,0) by a change of variables.

Assumption 2: There exists a matrix Q ∈ Rn×n such that
Q = Q� � 0, and Q � A�QA.

Assumption 1 guarantees the existence of the equilibrium and
the possibility to change variables to translate this equilibrium to
the point (0,0). Assumption 2 is required for two reasons: first,
Qmust be positive definite in order to define a convex quadratic
optimization that can be minimized; the second condition allows
defining a passive dynamic system in which stability can be
guaranteed, as given in Section III.
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B. Proposed Control

The control is designed according to the following optimiza-
tion model:

min
1

2
x�t+1Qxt+1 +

1

2
ρu2t

xt+1 = Axt + utψ(xt)

ψ(xt) = Bxt + b

ut ∈ U (2)

with Q = Q� � 0, ρ > 0; U is the following compact set:

U = {u ∈ R : u ≤ u ≤ ū}
with ū ≥ 0 andu ≤ 0. These limits correspond to the saturations
of modulation index. It is imperative to consider these limits,
since the model may change under saturation.

We define the following Lagrangian function to solve the
optimization problem:

L(xt+1, ut, λ, γ0, γ1) =
1

2
x�t+1Qxt+1 +

1

2
ρu2t

+ λ�(xt+1 −Axt − utψt) + γ0(u− ut) + γ1(ut − ū)

where λ are dual variables. The Karush–Kuhn–Tucker condi-
tions are given as follows:

Qxt+1 + λ = 0 (3)

ρut − λ�ψ(xt)− γ0 + γ1 = 0 (4)

xt+1 −Axt − utψ(xt)− d = 0 (5)

γ0(u− ut) = 0 (6)

γ1(ut − ū) = 0 (7)

γ0 ≥ 0 (8)

γ1 ≥ 0 (9)

ut ≥ u (10)

ut ≤ ū. (11)

We combine (3), (4), and (5) into a single equation for the
input ut

ut =
−(Axt)

�Qψ(xt) + γ0 − γ1
ρ+ ψ(xt)�Qψ(xt)

.

We can identify three possible outcomes: if u < u < ū, then
λ0 = 0 and λ1 = 0 in view of (6) and (7); if ut = u, then λ0 > 0
due to (8) and (10); finally, if ut = ū, then λ1 > 0 due to (9) and
(11). These three outcomes can be represented by the projection
operator, given as follows:

projU (u) =

⎧⎨
⎩

u if u < u
u if u ≤ u ≤ ū
ū if u > ū

⎫⎬
⎭ .

Therefore, the control has the following solution:

ut = projU

(
− (Axt)

�Qψ(xt)
ρ+ ψ(xt)�Qψ(xt)

)
. (12)

Fig. 1. Block diagram for the proposed continuous-set MPC.

The practical implementation of this control is depicted in
Fig. 1. It receives measurements of the states and the desired
equilibrium point. Then, (12) is used to calculate the modula-
tion index, which, in turn, is used by the PWM. Commutation
frequency is constant according to the PWM. This frequency
might be higher or equal to the frequency of the control. Notice
that (12) is quite simple for practical implementations, even in
low-cost boards.

III. STABILITY ANALYSIS

Stability is usually imposed in MPCs using long time hori-
zons and penalization functions in the last stage. However, a
CCS-MPC, as the one presented here, requires a short horizon
due to the fast dynamics of dc/dc converters. The existence and
uniqueness of this control can be guaranteed, as given in the
following.

Lemma 1: Model (2) has a well-defined solution, given by
(12). This solution corresponds to the global optimum, and it is
unique.

Proof: Assumption 1 guarantees the existence of the equilib-
rium point; besides, ρ+ ψ(xt)

�Qψ(xt) > 0 ∀xt. Hence, the
control is well defined for any x. The complementary slackness
conditions and the inequality constraints can be incorporated
into the control as (12). Uniqueness of the solution and global
optimum come from the fact that the problem is convex, and the
objective function is strictly convex for Q � 0. �

Remark 1: Well defined indicates that a discontinuity, or
division by zero, will never occur in the microcontroller. Notice
that (12) is well defined even if Q were singular (i.e., positive
semidefinite but not positive definite), since ρ > 0. However,
in that case, the objective function is not strictly convex and
uniqueness cannot be guaranteed. The optimum is still global.

Second-order converters have a passive structure, common in
power electronic converters. Let us formally define this concept.

Definition 1: A discrete-time system is said to be passive if
there exists a nonnegative V : Rn → R with V (0) = 0, called
a storage function, such that the dissipation inequality

V (xt+1)− V (xt) ≤ ytut

holds for any input vector ut and output vector yt.
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Lemma 2: Suppose Assumptions 1 and 2 hold. Then, (1) is a
passive system with a storage function

V (x) = x�Qx

and output

yt = 2ψ(xt)
�QAxt + uψ(xt)

�Qψ(xt).

Proof: Define ψt = ψ(xt); then, a straightforward computa-
tion shows that

V (xt+1)− V (xt) = x�t+1Qxt+1 − x�t Qxt

= (Axt + utψt)
�Q(Axt + utψt)

= x�t A
�QAxt + 2utψ

�
t QAxt

+ u2tψ
�
t Qψt − x�t Qxt

≤ ut
(
2ψ�

t QAxt + utψ
�
t Qψt

)
≤ ytut.

Hence, the system is passive. �
Lemma 3: Suppose that Assumptions 1 and 2 hold, the un-

forced dynamic system of (1) is stable.
Proof: Define a Lyapunov functionV (x) = x�Qx. Then, we

have the following:

V (xt+1)− V (xt) ≤ 0

for ut = 0. �
This lemma shows a remarkable stability property of the

systems studied in this article. The system is stable for u = 0.
However, this property may be destroyed by the design of the
control. Therefore, the control must be designed to maintain the
structure.

Theorem 1: Consider the discrete-time affine nonlinear sys-
tems given by (1) and suppose it fulfills Assumptions 1 and 2.
Then, the application of the MPC obtained by (2) is globally
asymptotically stable.

Proof: Define J : R → R as follows:

J (ut) =
1

2
(Axt + utψ(xt))

�Q (Axt + utψ(xt)) +
1

2
ρu2t .

Then, (2) is equivalent to

minJ (ut) with ut ∈ U . (13)

Notice that the gradient of L can be represented as a function of
the passive output, given as follows:

∇uJ = yt + ut(ρ+ ψ�
t Qψt).

Now, the Lagrangian function associated with (13) is

L(u, γ0, γ1) = J (u) + γ0(u− u) + γ1(u− ū)

where γ0 and γ1 are dual variables. The Karush–Kuhn–Tucker
conditions are given as follows:

∇uJ − γ0 + γ1 = 0

γ0(u− u) + γ1(u− ū) = 0

γ0 ≥ 0

γ1 ≥ 0

u ≥ u

u ≤ ū.

Since u ≤ 0 and ū ≥ 0, the last conditions imply the following:

0 ≥ γ0u− γ1ū = (γ0 − γ1)u.

Moreover, the first condition allows to represent the passive
output as function of the dual variables, namely

yt = −ut(ρ+ ψ�
t Qψt) + (γ0 − γ1).

Multiplying by ut and using the fact that the system is passive
(Lemma 2), we have the following:

V (xt+1)− V (xt) ≤ ytut

= −u2t (ρ+ ψ�
t Qψt) + ut(γ0 − γ1)

≤ −u2t (ρ+ ψ�
t Qψt) < 0 for ut �= 0.

Here, we used the fact that ρ > 0 to conclude the proposed
control is globally asymptotically stable. �

Remark 2: Notice that the control is not only stable but
globally asymptotically stable for any ρ > 0. This is a very
strong result compared with previous approaches of CCS-MPC.

A. Selection of the Matrix Q

Different values of Q may be used as soon as it fulfills
Assumption 2. The following convex optimization model with
semidefinite constraints is proposed to calculate Q:

min ‖Q‖
Q � 0

Q−A�QA � 0

Q11 = 1 (14)

where ‖ · ‖ represents any matrix norm. On the other hand, ρ
can have any positive value.

IV. SIMULATION AND EXPERIMENTAL RESULTS

The proposed CCS-MPC was validated on second-order dc/dc
converters listed in Table I using a reconfigurable dc/dc con-
verter. The experimental setup is shown in Fig. 2. Converters’
parameters are given in Table II. A PLECS RT-box was used
to implement the control and calculate the modulation index
u. Parameters of the quadratic form Q were calculated using
model (14) for each converter (see Table III). These models
were implemented in CVX, a package for specifying and solving
convex programs [29], [30]. Input penalization was ρ = 0.05 in
all cases. These values are not unique. Any set of parameters
for Q and ρ are suitable as long as they meet conditions of
Theorem 1.

Fig. 3 shows simulated and experimental results for the buck
converter. A change of reference was applied to evaluate per-
formance and stability. This transient can be appreciated in the
zoomed picture at the bottom of each figure. The voltage dy-
namic is slower than the current. However, tracking the reference
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Fig. 2. Experimental setup. (a) Oscilloscope. (b) Current probe power
supply. (c) RT-Box with analog and digital breakout boards. (d) Differ-
ential voltage probe. (e) DC electronic load. (f) MOSFET driver power
supply. (g) Reconfigurable dc/dc converter. (h) Current probes. (i) Input
voltage power supply.

TABLE II
SELECTED COMPONENTS FOR THE DC–DC CONVERTERS

TABLE III
PARAMETERS OF THE CONTROL

(a) (b)

(d)(c)

Fig. 3. (a), (c) Simulated and (b), (d) experimental dynamic responses
of the buck converter with a load resistance RL of 5 Ω while the duty
cycle reference changes from: (a), (b) 0.25 to 0.5 and (c), (d) 0.5 to 0.25.

(a) (b)

(d)(c)

Fig. 4. (a), (c) Simulated and (b), (d) experimental dynamic responses
of the boost converter with a load resistance RL of 20 Ω while the duty
cycle reference changes from: (a), (b) 0.33 to 0.5 and (c), (d) 0.5 to 0.33.

was fast, with a setting time of 1.5 ms. Simulated and experi-
mental results for the boost converter are shown in Fig. 4, with
a duty cycle reference change from 0.33 to 0.5 and vice versa.
Inductor’s current and capacitor’s voltage accurately followed
the references in both experimental and simulated results. Fig. 4
shows a fast inductor current tracking with a short setting time
of 1.5 ms for the capacitor voltage.

Fig. 5 shows the performance of the proposed control consid-
ering the buck–boost converter. The simulated and experimental
results show that the control achieves a very good tracking
performance for the buck and boost modes with a step change
of its duty cycle reference. The zoomed picture shows that the
inductor current response is very fast. The setting time for the
capacitor voltage is 1.5 ms for both modes.
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(a) (c) (e) (g)

(h)(f)(d)(b)

Fig. 5. (a), (c), (e), (g) Simulated and (b), (d), (f), (h) experimental dynamic responses of the buck–boost converter with a load resistance RL of
10 Ω while the duty cycle reference changes from: (a), (b) 0.33 to 0.47 in buck mode, (c), (d) 0.47 to 0.33 in buck mode, (e), (f) 0.55 to 0.62 in boost
mode, and (c), (d) 0.62 to 0.55 in boost mode.

(a) (c) (e) (g)

(h)(f)(d)(b)

Fig. 6. (a), (c), (e), (g) Simulated and (b), (d), (f), (h) experimental dynamic responses of the noninverting buck–boost converter with a load
resistance RL of 10 Ω while the duty cycle reference changes from: (a), (b) 0.33 to 0.47 in buck mode, (c), (d) 0.47 to 0.33 in buck mode,
(e), (f) 0.55 to 0.62 in boost mode, and (c), (d) 0.62 to 0.55 in boost mode.

In addition, the simulated and experimental responses of the
noninverting buck–boost converter are shown in Fig. 6. The
results demonstrate the effectiveness of the proposed control
to regulate all the variables of the converter to achieve a very
good tracking performance for both modes and with a setting
time for the capacitor voltage of 1.5 ms.

Additional simulation and experimental results were carried
out to test the advantages of the proposed control over classic
strategies. Fig. 7 compares the proposed CCS-MPC and FCS-
MPC regarding computation effort, where 100% represents an

Fig. 7. Comparison in CPU usage between the proposed CCS-MPC

( ) and FCS-MPC ( ).
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Fig. 8. Experimental dynamic responses using the proposed CCS-MPC, an FCS-MPC, and a digital PI as control.

Fig. 9. Experimental dynamic responses for a sudden variation in the input voltage and a variation in the load separately. For the buck converter,
Vg dropped from 20 to 15 V, and the impact load varied from 10 to 5 Ω. The Vg of the boost, buck–boost, and noninverting buck–boost converters
dropped from 10 to 7 V. The boost converter had an impact load change from 20 to 10 Ω and the buck–boost and noninverting buck–boost
converters from 10 to 5 Ω.

entire sampling step. This comparison was obtained by measur-
ing the CPU time in the RT-Box. The proposed CCS-MPC had
approximately half the CPU usage of the FCS-MPC. Notice that
delay compensation is not required in the proposed CCS-MPC.

Fig. 8 shows an experimental dynamic response of the pro-
posed CCS-MPC strategy, an FCS-MPC, and a digital PI. The
proposed CCS-MPC and the digital PI used a sample time of
10 μs, whereas the FSC-MPC used a sample time of 5 μs to
match with an equivalent switching frequency of 100 kHz. There
was a change in the current for the buck and boost converters
from 1 to 2 A. For the buck–boost and noninverting buck–boost
converters, buck mode changed from 0.8 to 2 A, and boost mode
changed from 3.9 to 5 A. The proposed MPC behaved better than

the FCS-MPC, and PI controls under current reference changes
for each converter.

Robustness of the proposed control was evaluated by per-
forming abrupt changes in the input voltage or the output
load, as shown in Fig. 9. The proposed converter presented an
exceptional performance of both output voltage and inductor
current despite abrupt disturbances. Fig. 10 shows the mean
absolute percentage errors (MAPE) for the proposed control
and the FCS-MPC; variations on the capacitance, resistance,
and inductance in each of the four converters were considered.
The proposed control showed low sensitivity to the converter’s
parameter variations. In all cases, the control achieved the ref-
erence and remained stable.
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Fig. 10. MAPE of the proposed MPC in comparison with the FCS-MPC when there is variation in the parameters of the converters.

V. CONCLUSION

A generalized CCS-MPC for second-order dc/dc convert-
ers was presented. These converters included the buck, boost,
buck–boost, and noninverting buck–boost. The proposed control
considered limits in the modulation index as inequality con-
straints inside the model. The optimization model resulted in
a relatively simple equation that could be implemented with
a low computational effort. The average CPU utilization of the
proposed control and the conventional FCS-MPC was measured.
The proposed control showed superior performance.

Simulated and experimental results showed that the proposed
control operated at constant frequency with an outstanding
performance. The response to a reference change was almost
instantaneous in all cases with low overshoot. The proposed
control was robust and efficient compared with the conventional
FCS-MPC and digital PI controls.

The stability of the control was demonstrated both theo-
retically and in experimental results. The modulation indices
remained within the expected limits, thanks to the inequality
restrictions included in the model. The reference was achieved
in all cases (i.e., the system is not only stable but also asymptot-
ically stable).
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